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ABSTRACT 25 
Triaxial and oedometer tests were used to demonstrate that a critical state framework can be 26 
applied to sand-rubber mixtures of similar soil grain and rubber sizes. It was found to 27 
describe well the behavior of a crushable sand and a quartz sand with either rubber fibers or 28 
granules of a variety of quantities, from small to large strains. Together with additional 29 
oedometer tests on soils of a wider variety of gradings, the work enabled the influences of 30 
sand particle type, grading and rubber shape to be established. The sand particle type, 31 
specifically whether the grains were weak or strong, was found to be a key factor. It affected 32 
the yield in compression, even when large quantities of rubber were added. It controlled the 33 
critical state stress ratio, except for those mixtures with the highest content of rubber fibers, 34 
as well as the stress strain behavior. Sand particle type also determined the critical state line 35 
location in the volumetric plane for lower rubber contents, but at higher rubber contents the 36 
behavior tended to converge for the two sand types. The grading and rubber type were not 37 
found to affect the compression or swelling indices significantly, which were mainly 38 
controlled by rubber content. Gradings that had non-convergent compression paths without 39 
added rubber tended to retain this feature with rubber. The addition of both types of rubber 40 
led to higher volumetric compression in isotropic or one-dimensional compression but 41 
reduced volumetric strain during shear, altering the shapes of the state boundary surfaces.  42 
 43 
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 45 
Introduction 46 
Considerable research has been devoted to the behavior of rubber inclusions of various sizes 47 
in soils, generally in the form of shreds (50-305mm) or chips (12-50mm) but more recently 48 
also on smaller sizes. The aim has generally been to dispose of waste tire rubber whilst 49 
creating a lightweight fill with an enhanced strength. Table 1 gives a brief summary of the 50 
key previous research. The majority of studies focused on the monotonic behavior of sand-51 
rubber mixtures, but in some, dynamic tests were performed and the data are included since 52 
dynamic and monotonic measurements of the elastic shear modulus should be closely related. 53 
Direct comparisons between the various data sets are generally not possible, the various 54 
papers having emphasized different aspects of behavior with materials and/or methods that 55 
are often not easily comparable. A very wide variety of rubber contents (RC) has also been 56 
used, either quantified by volumetric proportions or by weight. For ease of comparison they 57 
are all shown in weight fractions, having converted the volumetric contents if necessary. 58 
Because individual parameters are not easily compared, the summary focusses on the 59 
principle conclusions reached and to what extent a critical state framework was used, which 60 
is the topic of this paper.  61 
The improvement in strength has been variable, with shreds and larger chips often increasing 62 
peak strengths (e.g. Edil & Bosscher, 1994; Foose et al., 1996) especially for higher aspect 63 
ratios (Zornberg et al., 2004). In contrast, smaller chips, crumbs or granules more typically 64 
either have no effect on strength or a negative one (e.g. Masad et al., 1996; Youwai & 65 
Bergado, 2003; Kawata et al., 2007; Lee et al., 2007). At the smaller size, aspect ratio has 66 
proven to be important, and attention has more recently focused on rubber buffings, which 67 
are threads typically created by the tire re-treading process. In shear box tests Edinçliler & 68 
Ayhan (2010) found these to give a greater strength increase in sand than granules of rubber. 69 
However, for clays Ozkul & Baykal (2007) found that rubber fibers gave no strength benefit 70 
at higher stress levels. They attributed this to a need to have dilative volumetric strains to 71 
mobilize tension in the fibers to create a reinforcing effect.  72 
Despite the very large amount of research work undertaken, there have been few attempts to 73 
place the behavior of soil-rubber mixtures within a critical state or steady state framework as 74 
might usually be done for other, more “standard” soils. The effects of confining pressure 75 
and/or density on various aspects of behavior have been investigated by a number of 76 
researchers (e.g. Foose et al., 1996; Zornberg et al., 2004; Mashiri et al., 2015), and Youwai, 77 
& Bergado (2003) fitted a critical state based model to their data. However, in Table 1 it is 78 
clear that the behavior is generally investigated in the shear stress: normal stress plane, or 79 
q':p' in terms of invariants, while little is shown in the volumetric plane v:lnp' (v specific 80 
volume, =1+e). An exception to this is the work by Tsoi & Lee (2011), who investigated a 81 
rubber, cement, fly ash and sand mixture. Although the sand content was very small, so the 82 
material is quite different to the sand-rubber mixtures studied here, the research is included in 83 
Table 1 because they specifically adopted a critical state framework, identifying similar 84 
critical state lines for cemented and uncemented mixtures.  85 
There is no inherent reason why the behavior of rubber mixtures cannot be investigated in the 86 
v:lnp' plane. As Youwai & Bergado (2003) have pointed out, the bulk modulus of the rubber 87 
is high, which has two implications. Firstly the principle of effective stress is applicable 88 
(Yajima & Kobayashi, 2007), and secondly the specific volume is not significantly altered by 89 
the bulk compressibility of the rubber. Following the successful application of a critical state 90 
framework to polypropylene fiber reinforced sands by Santos et al. (2010), Fu et al. (2014) 91 
therefore applied a critical state framework to the behavior of mixtures of rubber fibers and 92 
granules in a completely decomposed granite (CDG), showing that unique critical state lines 93 
could be identified in the v:lnp' plane, just as for other soils. They also found that the 94 
strengthening effect of rubber fibers was not dependent on dilation but could also be seen in a 95 
compressive soil.  96 
While Fu et al. (2014) established that critical states can be identified in sand-rubber mixtures, 97 
the investigation was limited to a local Hong Kong CDG and only at large strains. The 98 
current paper extends this work in various ways, 1) making comparisons with the same 99 
rubber added to a more standard quartz sand, so that the relative roles of the particle nature, 100 
rubber content and rubber shape could be determined, 2) making a more detailed 101 
investigation of the application of a critical state framework, including the identification of 102 
isotropic normal compression lines and state boundary surfaces, 3) the small strain behavior 103 
has been investigated, and 4) a detailed investigation was made of how the interaction of 104 
grading and rubber content controls the compression behavior. Some data from Fu et al. are 105 
repeated here, but that repetition has been kept to a minimum, including only those data 106 
needed for comparisons or to derive a more complete critical state framework.  107 
The aim of this work was not to optimize rubber contents, sizes or shapes for particular soils, 108 
but to investigate the applicability of key soil mechanics concepts to rubber-sand mixtures. 109 
The choice of the two base soils, the CDG and a quartz sand, enables the effects of rubber to 110 
be contrasted in base soils that have weak and strong particles and that are predominantly 111 
compressive and dilative respectively. The investigation of mixtures of stiff soil grains with 112 
deformable rubber grains also has wider implications for our understanding of soils with 113 
mixed mineralogies.  114 
 115 
Materials and Procedures 116 
The main part of the research was carried out on two single sized sands, the Hong Kong CDG 117 
and the quartzitic Leighton Buzzard sand (LBS). Both were sieved to have the sizes of 0.6-118 
1.18mm. While the LBS has stronger rounded and sub-rounded quartz particles and is 119 
typically dilative at engineering stress levels, the CDG has weaker sub-angular particles and 120 
is more compressive. The comparison of the two highlights the relative roles of particle and 121 
rubber characteristics in determining the overall behavior. Establishing the validity of a 122 
critical state framework for both ensures that it should be more generally applicable for sand-123 
rubber mixtures. In addition, an extensive oedometer investigation of the factors controlling 124 
compression behavior was carried out using a wider range of gradings of the CDG. All the 125 
gradings tested are indicated in Fig.1.  126 
The rubber added was either in the form of granules (GR) of the same size as the soil 127 
particles or rubber buffing fibers (RF), the comparison allowing the influence of aspect ratio 128 
to be separated from the effect of simply adding a quantity of rubber. The buffing fibers had a 129 
mean length 10.5mm and diameter 1.26mm, with a mean tensile breakage load of about 8.4N 130 
and mean breakage strain of 210%. The rubber contents (RC) used were generally 10% and 131 
30% by dry weight, representing typical values investigated in the literature. The rubber was 132 
randomly mixed with the soils.  133 
All of the oedometer and triaxial samples for the 0.6-1.18mm particle size presented in this 134 
paper were created by moist-tamping, using sufficient tamping to remove any macro-voids. 135 
Under compaction (Ladd, 1978) was used for the triaxial samples, tamping into the 136 
membrane held in a mold on the pedestal. The oedometer samples were compacted at as wide 137 
range of initial specific volumes as could be achieved. This wide range was necessary to 138 
check whether the compression curves for different densities would converge onto a unique 139 
normal compression line (NCL) or if “transitional” behavior could be observed with non-140 
convergent compression paths (e.g. Altuhafi et al., 2010; Shipton & Coop, 2012). For the 141 
wider range of gradings tested only in the oedometer some samples were created by dry 142 
compaction or air pluviation to achieve a greater range of initial specific volumes, but no 143 
effect on the compression behavior arising from the preparation method could be detected.  144 
The aim of this work was a fundamental investigation of the applicability of conventional soil 145 
mechanics frameworks rather than optimizing the density and/or rubber content for 146 
application. The triaxial samples were therefore mostly created at loose initial states with the 147 
intention to be able to reach the isotropic Normal Compression Line (NCL) and so examine if 148 
unique state boundary surfaces (SBS) could be identified. A variety of triaxial sample sizes 149 
were used, mostly using 75x150mm or 60x120mm, but with a few of the small strain tests at 150 
the 38x76mm size. Comparisons between local and global (i.e. with an external volume 151 
gauge) volume changes during isotropic compression showed that the volumetric strains were 152 
very similar. This means that there was no significant membrane penetration for the 153 
externally measured volume changes. No other effects of sample size could also be seen. A 154 
correction for membrane stiffness was made (Fukushima & Tatsuoka, 1984). Saturation 155 
under back pressure for the triaxial tests generally gave B values over 98% and always over 156 
95%. All of the shearing was carried out drained. To measure the small strain behavior, some 157 
of the tests had local LVDTs (Cuccovillo & Coop, 1997) along with axially mounted bender 158 
elements. The bender elements were excited with a single shot sine wave and the velocity 159 
was interpreted from the first arrival, using techniques described by Jovicic et al. (1996).  160 
The specific volumes were determined from 1) the initial dry unit weight, and 2) the final 161 
water content, using specific gravities of 2.58 for CDG, 2.65 for LBS and 1.15 for the rubber. 162 
After accounting for the recorded volumetric strains during testing, an average of the two 163 
values was taken and an estimate of the accuracy was made by taking half the difference. The 164 
mean value of this “accuracy” was about ±0.02, which is slightly greater than is typical for 165 
conventional soils (e.g. Rocchi & Coop, 2014) perhaps because sample preparation as well as 166 
the measurement of dimensions and weights was a little more difficult.   167 
 168 
One-Dimensional Compression of Uniform Gradings (0.6-1.18mm).  169 
The oedometer samples of the uniform sands were generally made at loose states with similar 170 
initial specific volumes. However, for the 10% rubber contents a range of initial specific 171 
volumes was made in order to check if for each soil the compression paths for different 172 
densities would converge to unique one-dimensional NCLs, or if there was any evidence of 173 
transitional behavior with compression paths that do not converge. Shipton & Coop (2012) 174 
had found that this type of behavior for soils with mixed mineralogy, so it was thought 175 
possible that it might occur for mixtures of such diverse particles as sand and rubber. No 176 
transitional behavior could be found and for each rubber content for the CDG there is a 177 
unique NCL on Fig.2. These NCLs move downwards as the rubber content is increased, as Fu 178 
et al. (2014) had highlighted from a more limited series of tests.  179 
Yield of poorly graded sands is associated with the onset of particle breakage (e.g. Coop & 180 
Lee, 1993), and is at a much higher stress for the quartz particles of the 100% LBS than for 181 
the CDG. Even when rubber is added, the particle characteristics still control whether and 182 
when a NCL is reached, so that the CDG mixtures all reach their NCLs at fairly similar stress. 183 
For the LBS a stress of 7MPa is insufficient to bring the soil onto a unique straight NCL 184 
either without rubber or at 10% rubber content. For the 30% rubber fiber content the 185 
compression curves of the LBS only just approach an NCL at this stress. The addition of the 186 
rubber does, however, make the yield in compression less distinct in both soils, since there 187 
are larger volumetric strains during the initial stages of loading. As the rubber content 188 
increases the differences in compression behavior of the two sands are also reduced.  189 
Fu et al. (2014) showed that the addition of rubber tended to reduce the particle breakage in 190 
the CDG, but these data are not repeated here. Figure 1 gives some gradings for the LBS after 191 
testing, confirming that in both the pure soil and the rubber mixtures, there was minimal 192 
particle breakage.  193 
In unloading the effect of rubber inclusion was pronounced in both soils. There is a change 194 
from an almost rigid unloading for the pure sands to much more recoverable strains for the 195 
high rubber contents. The swelling lines for the rubber-sand mixtures had a distinct S-shape 196 
even when using a logarithmic stress scale. This means that the straight NCLs for the CDG 197 
mixtures must to some extent be coincidental, since they result from non-linear elastic and 198 
plastic components of compression.  199 
It is tempting to believe that the greater compressibility of the rubber-soil mixtures might be 200 
related to a higher compressibility (i.e. low bulk modulus) of the rubber phase, but this is not 201 
the case because the bulk modulus of vulcanized rubber of 2.7GPa is actually higher than that 202 
of water (Hencky, 1932). The volume change of the rubber phase at the stress levels tested 203 
here is therefore not significant. The increased compressibility of the mixture must instead 204 
result from the very low shear modulus of the rubber (570kPa; Hencky, 1932), and it is its 205 
distortion not its compression that increases the global volume change. The effect of adding 206 
rubber is considerable and at high rubber contents the compression paths start to curve as 207 
they approach the limiting v=1 at high stress levels. This indicates that the distortion of the 208 
rubber, combined with substantial particle breakage in the case of the CDG, must be so 209 
severe that the void spaces are almost filled.  210 
 211 
One-Dimensional Compression of Other Gradings.  212 
To investigate further the influence of the base soil on the overall behavior, a more extensive 213 
series of oedometer tests was carried out on a wider variety of CDG-rubber mixtures. The 214 
CDG was chosen as the base soil for this study because the NCLs could be identified within 215 
the stresses that could be reached. The effects of adding rubber could then be easily compared 216 
by means of the compression and swelling indices, Cc and Cs. The specific volume at 100kPa, 217 
v100, was chosen to quantify the vertical location of the NCL in preference to the usual 218 
practice of taking a projected intercept at 1kPa. This was done to reflect better the actual 219 
location of the NCL at the stresses for which it could be identified. An intercept that is 220 
projected can be misleading if there are significant variations in gradient. A variety of single 221 
gradings, gap gradings and well graded mixtures of CDG were tested with both the GR and 222 
RF, which are indicated in Fig.1. For the base soil the swelling lines were straight, while 223 
those when rubber was added tended to have the S-shape seen in Fig.2. For the mixtures, 224 
values of Cs were therefore chosen for the straighter part of the swelling curve after an 225 
initially stiffer stage, as in the example of Fig.3.  226 
For the gap graded mixtures a transitional mode of behavior was observed, an example of 227 
which is given in Fig.4. Both the gap-graded base soil and the RF reinforced soil gave 228 
compression curves that did not converge, even at the highest stresses reached in the 229 
oedometer, tending to reach paths that were almost parallel. Ponzoni et al. (2014) quantified 230 
the degree of transitional behavior by plotting the void ratios at the highest stress reached in 231 
the oedometer against the initial values, the gradient of this relationship being defined as the 232 
parameter m. The values of m have been quantified here by using the void ratios at 3kPa and 233 
3000kPa. No difference could be found between the GR and RF mixtures in the compression 234 
of the gap-graded CDG and they have not been distinguished in this analysis. The resulting m 235 
values are between 0.2-0.6 for all rubber contents (Fig.5) indicating a significantly non-236 
convergent compression behavior. More generally, the gap-graded base soils that were 237 
transitional also gave transitional behavior when mixed with rubber. In contrast, the single 238 
graded or well graded base soils gave unique NCLs both with and without rubber, as in the 239 
examples of Fig.2.  240 
Figure 6 summarizes all of the compression parameters for the various gradings of CDG, 241 
rubber contents and rubber types from over 100 tests. The data points have been highlighted 242 
according to the type of grading; single gradings have open points, gap graded solid and well 243 
graded crosses. The scatter of the data certainly hides some significant differences between 244 
samples with different gradings and rubber types. For example the finest single grading 245 
(0.15-0.30mm) tends to give lower Cc and Cs values than the coarser gradings. Nevertheless 246 
these summary plots do emphasize important general conclusions, and for both Cc and Cs the 247 
bands of data points are not large considering the wide variety of gradings and the two rubber 248 
types tested.  249 
The Cc values (Fig.6a) do not change much up to a rubber content of about 30%, after which 250 
they steadily increase. For most gradings there is even a small drop in Cc from the pure soil to 251 
a 10% rubber content. At very high rubber contents the data for the single gradings tend to 252 
give lower values of Cc than the well graded or gap graded. The effect of adding rubber on 253 
the Cs values (Fig.6b) contrasts with the effect on Cc, with a rapid initial increase of Cs from 254 
RC=0-10% and then a slower rate of increase at higher RC. At larger rubber contents the rate 255 
of increase of Cs is slightly less than that for Cc. Again there is a tendency for lower Cs values 256 
for the single gradings than for the well graded or gap graded mixtures. For neither Cs nor Cc 257 
is there any clear effect of the rubber type on the compression parameters.  258 
In Fig.6(c) the v100 data divide into two distinct bands, one for the single sized gradings (open 259 
symbols) and one that is much lower for the well graded (crosses). No data are shown for the 260 
gap graded samples because there is no unique value of v100 for these. Within each band there 261 
is no clear effect of the grading or rubber type. For both grading types v100 generally reduces 262 
as RC increases. There is some evidence that a minimum v100 is reached for the well graded 263 
samples as the 50% RC data points plot slightly higher than those at 30%. At the very high 264 
RC values the v100 values of the uniform and well graded samples converge.  265 
 266 
Shearing 267 
Stress-Strain Curves 268 
Typical shearing data for the single sized (0.6-1.18mm) LBS and CDG are shown in Fig.7. 269 
These examples are for tests at an initial mean normal effective stress (p'0) of 200kPa. To be 270 
able to compare the data for the two soils and the contributions of the rubber more easily, the 271 
stress ratio q'/p' has been normalized by the value of M for each base soil, Ms, which is 1.30 272 
for LBS and 1.40 for CDG, reflecting the more angular nature of the CDG particles. These 273 
values were assessed over all the tests conducted and from both the stress-strain data and the 274 
stress-dilatancy graphs, so the two tests shown here on the 100% soils do not necessarily 275 
converge perfectly with a q'/Msp' value of 1.0.  276 
As will be discussed later, the loose initial preparation states meant that most of the samples 277 
were compressive during shearing. The CDG is generally less stiff than the LBS, and when 278 
30% RF is added to the already softer response of the CDG the ultimate strength takes strains 279 
of over 40% to be mobilized. But in general the addition of rubber has a more noticeable 280 
effect on the stress-strain behavior and volume changes of the LBS than the CDG and the 281 
relatively modest effects of adding rubber on the stress-strain behavior and volume changes 282 
for the CDG are perhaps surprising, particularly for a volumetric content of 50%. As will be 283 
discussed later, the increase in ultimate strength is only significant for the 30% RF content in 284 
either soil.  285 
 286 
Small Strain Stiffness 287 
Bender element readings of the elastic shear modulus in the vertical plane Gvh were made on 288 
the pure sands and the 30% RF mixtures. A single shot sine wave was used and Fig.8 gives a 289 
typical set of received traces for a range of frequencies. The first arrival, Ta, was chosen from 290 
these plots, ensuring that there was consistency for the various frequencies used.  291 
Examples of the Young’s moduli are given in Fig.9. These have been calculated by taking 292 
tangents to short sections of the stress-strain curves, using similar techniques to Gasparre et al. 293 
(2014). For the rubber-soil mixtures the behavior was highly non-linear and no linear region 294 
of behavior could be detected even at smallest strain levels resolvable. Since the elastic 295 
values of the Young’s moduli could not be found, the comparisons with the bender element 296 
data on Fig.10 are therefore only qualitative in nature. It is highly likely that anisotropy also 297 
affects the comparison, but the degree of anisotropy cannot be quantified with only vertical 298 
Young’s moduli and Gvh data, and those for different strain levels.  299 
There is generally a similar pattern of increase of stiffness with p' for the rubber-soil mixtures 300 
as for the pure soil. These may be approximated as straight lines on a log-log plot, as 301 
observed by Kim & Santamarina (2008, Table 1) for Gvh, but here the relationships are seen 302 
for a variety of strain levels. These lines tend to converge gradually for the LBS and LBS-303 
rubber mixture, similar to the patterns observed for pure sands by, for example, Jovicic & 304 
Coop (1997). In contrast, they are almost parallel for the CDG and CDG-rubber mixture. The 305 
rubber has, however, a much greater effect on the intercepts of these lines than their gradients.  306 
The same features that were highlighted from the large strain data can also be seen here. The 307 
LBS is clearly much stiffer than the CDG, as expected from similar previous comparisons 308 
between CDGs and quartz sands (e.g. Jovicic & Coop, 1997). The effect on the stiffnesses of 309 
adding the rubber is then more pronounced for the LBS but the LBS remains considerably 310 
stiffer than the CDG even with 30% rubber content. Since a 30% weight content is equivalent 311 
to 50% by volume, it is again interesting to what extent the soil particle characteristics 312 
continue to influence behavior even in the presence of a very large quantity of rubber.  313 
 314 
Critical States 315 
The stress-strain and volumetric strain data indicate that there is a trend towards reasonably 316 
constant stresses and volumes for both soils, which have been assumed to be critical states. 317 
However, very large strains are needed to reach them. Figures 11 and 12 show the isotropic 318 
compression data, the drained shearing paths and the critical states. The CSLs for the CDG 319 
(Fig.11) have been slightly adjusted from those presented by Fu et al. (2014) in the light of 320 
additional data. The isotropic NCLs have also been added to Fig.11, which Fu et al. had not 321 
identified. It is a common assumption within critical state soil mechanics that the NCL and 322 
CSL are parallel. If they are not then a unique boundary surface cannot be determined using 323 
conventional techniques of normalizing for volume, as have been adopted here. Within some 324 
small data scatter this assumption seems to be supported. For the 100% CDG (Fig.7a) the 325 
stress levels reached may not have been quite sufficient to reach the isotropic NCL and so the 326 
chosen line is tentative, as indicated by the question mark.  327 
As discussed above, the estimated errors of the values of v were on average about ±0.02 and 328 
it was not found possible to improve on this for these mixtures. The scatter of the data is 329 
consistent with this. Nevertheless, it is clear for the CDG (Fig.11) that as rubber is added both 330 
the NCL and CSL tend to move downwards. The separation of the NCL and CSL also 331 
reduces as rubber is added, especially for the GR, for which the separation for 30% content is 332 
so small that it cannot be resolved accurately within the small scatter of the data. An 333 
implication of the proximity of the NCL and CSL for the high rubber contents is that during 334 
drained constant σ'r shearing the volumetric strains shown on Fig.7 are predominantly the 335 
result of the increase of p'.  336 
For the LBS (Fig.12), the tests on the pure soil are slightly dilative and give a fairly flat CSL 337 
at these relatively low stress levels. It would need tests at very high stress levels to identify 338 
the steepening of the CSL in the particle breakage region, as was observed by Klotz & Coop 339 
(2002) for a finer LBS. As the rubber is added the CSL again moves downwards and in the 340 
case of the LBS it becomes significantly steeper.  341 
For the LBS no attempt has been made to identify the isotropic NCLs, which have clearly not 342 
been reached. Even at a stress of 7MPa in the oedometer tests the one-dimensional NCLS 343 
could not be reached and larger stresses would normally be needed to reach an isotropic than 344 
a one-dimensional NCL. During isotropic compression the paths for the LBS-rubber mixtures 345 
seem almost to follow the CSLs and their divergence with them is slow, so an isotropic NCL 346 
could only be reached at very high stresses. Then during drained shearing the paths again 347 
remain close to the CSL. The fact that the isotropic compression and drained shearing paths 348 
are not more different reinforces what was seen for the CDG mixtures, that the volume 349 
change during shearing again arises predominantly from the increase of p  ´not the change of 350 
q .´ This means that the relatively modest volume changes that occur during shearing are not a 351 
function of whether the sand is crushable or not and confirms that it is the rubber that causes 352 
this feature.  353 
Figure 13 compares the CSLs for the various mixtures in the v:lnp' plane. The addition of 354 
rubber gives a greater effect on the location of the CSL for the dilative LBS than the 355 
compressive CDG, especially to its gradient. The greater effect on the location of the LBS 356 
CSLs means that at 30% RF or GR content the lines for the two soils are quite close. 357 
Nevertheless, these comparisons indicate that the location of the CSL in the v:lnp  ´plane must 358 
be related more to the rubber content than to the nature of the soil particles. It is also clear 359 
that the type of rubber only has a secondary effect, because the CSLs for 10% GR and RF 360 
with CDG are the same and at 30% content both soils have CSLs in similar locations for GR 361 
and RF, but with slightly different gradients.  362 
The critical state data are shown in the q':p' plane in Fig.14. The data have again been 363 
normalized by Ms to compare better the effects of the rubber in the two soils. The data points 364 
for the 100% sand samples should therefore plot on a line of gradient 1.0 (Fig.14a) and at 365 
lower stress levels they plot close to this. There is a little scatter in the data, mostly from 366 
slightly incomplete testing for the CDG at higher stress levels, causing the points to plot 367 
slightly low. For the LBS there was also a tendency for some tests for the q/p' to drift 368 
downwards at the end of the test, possibly as a result of some strain localization. The chosen 369 
Ms therefore reflect the values chosen over all stress levels and also took account of the 370 
stress-dilatancy plots that will be discussed later.  371 
As discussed earlier, the least complete tests were those for the 70% CDG /30% RF. For 372 
correct comparison of the strengths at critical state, it is necessary that the comparison be 373 
made for constant stress states and using data from incomplete tests would lead to incorrect 374 
conclusions. Slight extrapolations of the critical state q/p  ´were therefore made for the 70% 375 
CDG /30% RF mixture from the stress-dilatancy data that are discussed later. On Fig.14(a) 376 
the extent of these extrapolations can be seen to be small in most cases. After also 377 
normalizing for Ms, there is then very little difference between the CSLs for the 30% RF in 378 
LBS and CDG. This indicates that the effect of rubber in terms of ultimate strength is 379 
comparable in the two soils regardless of the nature of the soil grains. The CSL is curved and 380 
may be described by Eqn.1:  381 
  
  
                   Eqn.1 382 
where Mm is the value of q'/p' at critical state for the mixture. The effect of adding 30% RF is 383 
to reinforce the soil significantly, but curvature of the CSL means that there will be no effect 384 
at higher stress levels than those used here. For the 30% GR and both 10% GR and 10% RF 385 
there is no measurable reinforcing effect within the scatter of the data. It is interesting that 386 
relatively large amounts of rubber (up to 50% by volume) can be added without influencing 387 
significantly the value of M.  388 
 389 
State Boundary Surfaces 390 
The shearing data for each of the mixtures have been normalized for volume in an attempt to 391 
identify the state boundary surfaces (SBS) of each (Fig.15). The approach adopted has been 392 
to use an equivalent pressure taken on the CSL:  393 
  
  
                (Eqn. 2) 394 
Two methods have been used to reduce the scatter arising from small inaccuracies in the 395 
measurement of specific volume. For the CDG samples that have reached the isotropic NCL 396 
the value of specific volume at the start of shearing has been adjusted to be on the chosen 397 
NCL in Fig.11. For samples of both soils that had not been compressed to sufficiently high 398 
stresses to reach the NCL, the critical state point has been adjusted so that it lies perfectly on 399 
the chosen CSL. The latter approach had to be adopted for all of the LBS-rubber mixture 400 
samples. The q axis has been further normalized with respect to the critical state value of M, 401 
which is Ms for the base soils, 10% mixtures and 30% GR mixtures, but for the 30% RF 402 
mixtures the individual values of Mm from Eqn.1 have been used for each stress level. This 403 
normalization highlights differences in the SBS of each mixture that are not simply the result 404 
of the changing strength.  405 
The resulting normalized stress paths allow state boundary surfaces to be tentatively 406 
identified on the wet side of the CSL for the CDG. As the quantity of rubber increases, the 407 
separation of the NCL and CSL becomes narrower and the SBS becomes steeper. Chandler 408 
(1985) had predicted that materials with easily deformable particles would have a SBS with 409 
the CSL to the left of the apex. While the 100% CDG does have this feature the addition of 410 
30% deformable rubber particles actually causes it to disappear as the overall volume 411 
changes due to shear reduce. This steepening of the surface indicates that for a soil 412 
undergoing significant particle breakage, the volumetric compression during shear caused by 413 
the addition of rubber is actually less than the volumetric strain resulting from the breakage 414 
of the soil particles it has replaced.  415 
For the 100% LBS the paths are all on the dry side of the CSL. For both the 10% and 30% 416 
rubber contents the samples at the highest stress levels have initial states directly below the 417 
CSL and the normalized paths rise to the CSL via an S-shaped path, indicating that although 418 
the overall volumetric strains due to shearing are small, there are compressive followed by 419 
dilative strains. No attempt has been made to define a SBS for the LBS mixtures.  420 
 421 
Stress-dilatancy relationships  422 
Figure 16 compares the stress-dilatancy relationships of the two base sands and the 30% RF 423 
mixtures for tests at 200kPa. The mobilized stress ratios have again been normalized by Ms 424 
so that the effects of the fibers can be more easily distinguished. As discussed earlier, the 100% 425 
CDG tests tended to be a little incomplete and for the 100% LBS at the end of test the q/p' 426 
value drifted down slowly, possibly due to some strain localization. The 100% CDG is 427 
compressive throughout while the LBS is dilative at large strains. However, these differences 428 
are practically erased by the addition of the rubber and the relationships for the two 30% 429 
mixtures are similar. The data for both rubber mixtures again indicate that the additional 430 
strength arising from the fibers is mobilized at larger strains. The only difference is that 431 
because of the dilative behavior of the base soil, the LBS 30%RF mixtures reaches higher 432 
stress ratios at lower strains than the CDG 30%RF. The stress ratio of the latter is still 433 
increasing and the volume still compressing when the test was ended.  434 
 435 
Conclusions 436 
The oedometer and triaxial tests described in this paper have examined the behavior of two 437 
base soils with different particle strengths, CDG and LBS, mixed with various contents of 438 
rubber fibers and rubber granules of similar size to the soil particles. An extensive series of 439 
oedometer test then investigated in greater detail the effects of the grading of the CDG on the 440 
compression behavior. The key aim of this research was to investigate the applicability of a 441 
critical state framework to sand-rubber mixtures and Table 1 indicates that there has been no 442 
previous similar investigation. Fu et al. (2014) had identified that critical states could be 443 
identified for the CDG mixture and how these moved in the v:lnp' plane. Here a complete 444 
critical state framework has been derived from small to large strains for the various mixtures 445 
using a uniform CDG, including normal compression lines and state boundary surfaces. That 446 
framework was found, however, to break down for gap-graded samples.  447 
For the quartz LBS some aspects of the framework could not be so fully established because 448 
very high pressures would be needed to reach the NCLs. Nevertheless the application of the 449 
critical state framework to two very different base soils allows a number of conclusions to be 450 
made about the fundamental mechanics of sand-rubber mixtures, showing how different 451 
aspects of behavior are influenced by the four key factors: soil particle nature, soil grading, 452 
rubber content and rubber type.  453 
The soil particle type, specifically whether the base soil is an easily crushable one or not, 454 
determines when yield and a normal compression line can be reached in compression. 455 
Particle type also has an effect on the stress-strain and small strain stiffness behavior in 456 
shearing, since the LBS samples remained stiffer than the CDG even at 30% rubber content. 457 
It has, however, only a significant effect on the volumetric strain during shearing at low 458 
rubber contents. Similarly, particle type only affects significantly the critical state line 459 
location and gradient in the v:lnp' plane at lower rubber contents. The critical state line 460 
gradient in the q':p' plane, M, is mostly controlled by the particle type, even at high rubber 461 
contents, with a higher M for the more angular CDG. Only the addition of 30% rubber fibers 462 
gives a significantly altered strength, but the effect of the fibers is the same for the two soils 463 
when considered relative to the M of the base soil.  464 
The influence of grading was only investigated for the CDG in one-dimensional compression, 465 
where it was found to control the location of the NCL (i.e. v100) but to have less impact on the 466 
NCL and swelling line gradients.  467 
Rubber content was the dominant factor controlling both Cc and Cs, and so the ratio of elastic 468 
to plastic strains in compression. Most of the references in Table 1 have emphasized the 469 
increased compressibility and softer shearing behavior caused by the addition of various 470 
forms of rubber, but this work is the first comprehensive investigation of those effects in the 471 
v:lnp  ´ plane applying a critical state framework. Rubber content influenced strongly the 472 
stress-strain behavior in shear at all strain levels and it was the main factor influencing the 473 
volumetric strains during shear and so the stress-dilatancy relationship, the spacing of the 474 
NCL and CSL and so the shape of the state boundary surfaces. The close spacing of these 475 
lines at high rubber contents means that the volumetric strains in these mixtures are 476 
dominated by the changes in p' and are much less affected by shear.  477 
The type of rubber added (fibers or granules) had only smaller effects on the compression 478 
behavior and its main effects were on the stress-strain behavior during shear. In particular, the 479 
rubber type had an influence on the volume changes during shear, which in turn affect the 480 
spacing between the NCL and CSL in the v:lnp  ´plane and so the size of the state boundary 481 
surface. The strength was also influenced by the rubber type, because the rubber fibers gave a 482 
reinforcing effect when added in large quantities while the granules did not. This influence of 483 
aspect ratio of the effectiveness of rubber inclusions has commonly been observed (Table 1; 484 
Youwai & Bergado, 2003; Bergado et al., 2005; Zornberg et al., 2004; Edincliler & Ayhan, 485 
2010), but this is the first investigation that has been able to identify the relative effects of 486 
particle type and rubber type on critical state strength.  487 
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Nomenclature 576 
B  Skempton pore pressure parameter (=Δu/Δσr) 577 
Cc  compression index 578 
Cs  swelling index 579 
CDG  completely decomposed granite 580 
CSL  critical state line 581 
E0.01%  tangent Young’s modulus (subscript denotes axial strain level)  582 
Gvh  elastic shear modulus in vertical plane 583 
GR  granular rubber 584 
LBS  Leighton Buzzard sand  585 
M  critical state line gradient (q'/p')  586 
Mm  value of M for 30% RF mixtures 587 
Ms  value of M for base soil 588 
NCL  normal compression line 589 
p'  mean normal effective stress = (σ'a + 2σ'r)/3 590 
q'  deviatoric stress = σ'a - σ'r 591 
RC  rubber content 592 
RF   rubber fibers 593 
Ta  first arrival time for bender element tests 594 
u  pore pressure  595 
v  specific volume 596 
v100  specific volume intercept at 100kPa on one-dimensional NCL 597 
εa  axial strain 598 
εv  volumetric strain 599 
σ'a  axial effective stress  600 
σ'r  radial effective stress  601 
σ'v  vertical effective stress  602 
 603 
 604 
Table 1. A summary of previous research on the monotonic behavior of sand-rubber mixtures 605 
Reference Soil 
Grading 
Soil 
Type 
Rubber Size  Rubber 
Content RC 
Apparatus/ 
Tests 
Principal Conclusions Application  Critical 
State Framework 
Edil & 
Bosscher 
(1994)  
Sand Quartz Chips, mean 
width 53mm  
0-0.25 Shear box 
Proctor 
mold as 
oedometer 
Shear strength increased above that of dense sand for 
RC >0.1. Large initial plastic displacements for mixtures in 
compression.  
Data not examined 
in v:log stress plane 
Foose et al. 
(1996) 
Uniform 
DS50 
=0.58mm 
NS Shreds, length 
<50-150mm 
 1 & 0-0.16 Shear box Peak strength increases as RC increases & as density 
increases.  
Data not examined 
in v:log stress plane 
Masad et al. 
(1996)  
Uniform 
DS50 = 
0.23 
Quartz, 
sub-
rounded 
RS50=3.2mm 
 
0, 0.3 & 1 Triaxial  Peak strength reduced & εv during shearing becomes more 
compressive as RC increases.  
Data not examined 
in v:log stress plane 
Youwai & 
Bergado 
(2003) & 
Bergado et 
al. (2005) 
Poorly 
graded 
DS50 = 
0.5mm 
NS RS50=7mm  
cubical & RS50 
= 13.7mm flat 
 
0-1 Triaxial As RC decreases, compression index reduces & εv during 
shearing becomes more dilative. Cubical rubber decreased 
strength for all RC, flat increased strength at lower RC. Flat 
chips increased compressibility more than cubical. Sand 
dominated behavior for RC>0.3.  
State parameter 
controls stress-strain 
behavior but  
data not presented in 
v:log stress plane 
Zornberg et 
al. (2004) 
Uniform 
DS50 = 
0.4mm 
Quartz, 
rounded
/sub-
rounded 
Chips width 
12.7 or 
25.4mm, AR = 
1-8.  
0-1 Triaxial εa at peak strength increases with RC. Apart from high RC 
samples, soil dilative with peak strength at stresses applied. 
Optimum peak strength for RC=35% & peak increases with 
AR. Greater increase of strength at lower stresses. Relative 
density has less effect on strength for mixtures 
Data not examined 
in v:log stress plane 
Critical states not 
analyzed & some 
tests did not reach 
critical states.  
Lee et al. 
(2007) & 
Kim & 
Santamarina 
(2008) 
Uniform 
DS50 = 
0.35 
Quartz, 
sub-
rounded 
RS50 =0.09 & 
3.5mm 
 
0-1 Oedometer 
with bender 
elements. 
Triaxial. 
For DR50 =0.09mm sand dominated for RC<0.23 & for 
intermediate RC rubber dominated at low stresses & sand at 
high. Peak strengths reduced by rubber.  
For DR50 = 3.5mm sand dominated for RC<0.16 rubber 
dominated for RC>0.4 with no stress dependency for 
intermediate RC. Gvh and constrained modulus power 
functions of stress. Gvh higher for RC=0.05-0.1than at RC=0.  
Data not examined 
in v:log stress plane 
& critical states 
often not reached.  
Valdes & 
Evans 
(2008) 
Uniform 
DS50 = 
0.73 
Quartz, 
rounded 
RS50 =1.3mm  1 & 0.4 Oedometer 
& isotropic 
compression 
Large hysteresis loops for load-unload. Larger residual 
strains in oedometer than iso comp. Smaller difference 
between iso comp and 1D for RC=0.4 
Data not examined 
in v:log stress plane 
Lee et al. 
(2010)  
Uniform 
D50 = 
0.725mm 
Quartz, 
angular 
RS50 =0.256-
3.375mm 
0-1 Oedometer 
with bender 
elements 
Compressibility increases & Gvh decreases as RC increases 
& rubber size reduces. Transition from rubber like to sand 
like behavior at RC=0.23-0.4 
Data not examined 
in v:log stress plane 
Edincliler et 
al. (2010) 
Sand NS RS=1-3mm 0-1 Shear box Strength increased for all RC except RC=1 No volume change 
measurements & 
data not examined in 
v:log stress plane 
Edincliler & 
Ayhan 
(2010)  
Sand NS Crumbs & 
buffings RS=1-
3mm AR=1 
Thickness 3mm 
AR=3 
Thickness 
4.5mm AR=7 
0-1 Shear box For AR=1 peak strength generally decreased by rubber.  
Strength increased for larger AR up to an optimum at 
RC=0.2 for AR=7, then strength decreases with further RC 
increase.  
No volume change 
measurements & 
data not examined in 
v:log stress plane 
Tsoi & Lee 
(2011)  
Sand NS Chips  RS50 
=10mm  
Bonded with 
Portland cement 
and fly ash 
Ratio 1 
chips :0.35 
cement :0.2
4 ash :0.06 
sand 
Triaxial 
 
Behavior similar to other cemented soils but with greater 
ductility.  
Linear critical state 
lines identified in 
q:p' & v:lnp' plane, 
similar for bonded 
soil & same 
constituents but 
unbonded.  
Anastasiadis 
et al. (2012) 
& 
Senetakis & 
Anastasiadis 
(2015) 
Poorly 
graded 
DS50 = 
0.27-
7.8mm 
Quartz RS=0.35- 
3.0mm 
0-0.35 Resonant 
Column 
Addition of rubber reduced G0 but had a similar effect to 
considering the rubber as void space. DS50 to DR50 ratio 
affects G0.   
 
No strength data 
Lee et al. 
(2014)  
Uniform 
DS50 = 
0.73mm 
Quartz, 
angular 
Granules RS50= 
0.73mm 
0-1 Oedometer 
with bender 
elements, 
resonant 
column & 
shear box.  
Change from sand to rubber dominated from RC=0.23-0.4 
Elastic range of behavior increases as RC increases.  
Higher exponent for Gvh with p  ´for higher RC. 
 
Critical state friction 
angle reduces as RC 
increases.  
Data not examined 
in v:log stress plane 
Fu et al. 
(2014) 
Uniform 
DS=0.6-
1.18mm 
Decomp
osed 
granite, 
sub-
angular 
Granules 
RS=0.6-
1.18mm & 
buffings 
0, 0.1 & 
0.3.  
Oedometer 
& triaxial 
Strength can be increased by 30% buffings even if soil is 
compressive not dilative. 10% contents and 30% granules 
did not affect strength.  
Critical state lines 
can be identified in 
both q:p  ´and v:lnp  ´
planes.  
DS diameter soil particles, NS not specified, RS rubber size, AR aspect ratio, RC rubber content by weight 606 
  607 
 608 
Fig.1 Gradings of soils used and measurements of breakage for the LBS mixtures.  609 
 610 
 611 
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(a) Leighton Buzzard sand 613 
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(b) CDG with rubber fibers 615 
 616 
(c) CDG with rubber granules 617 
Fig.2 Oedometer compression data (b and c modified from Fu et al., 2014)  618 
 619 
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
1 10 100 1,000 10,000
v
σ'v (kPa)
100% CDG
10% RF
30% RF
NCL (100% CDG)
NCL (30% RF)
NCL (10% RF)
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
1 10 100 1,000 10,000
v
σ'v (kPa)
100% CDG
10% GR
30% GR
40% GR
50% GR
NCL (100% CDG)
NCL (50% GR)
NCL (30% GR)
NCL (10% GR)
NCL (40% GR)
 620 
Fig.3 Examples of the selection of the swelling indices.  621 
 622 
 623 
Fig.4 An example of non-convergent or “transitional” behavior for oedometer tests on a gap 624 
graded CDG with 10% GR.  625 
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Fig.5 Values of m for the gap graded transitional mixtures.  628 
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(a) Compression indices 631 
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 632 
(b) Swelling indices  633 
 634 
 635 
(c) Intercepts on one-dimensional NCL at σ'v= 100kPa (single graded and well graded 636 
samples only)  637 
Fig.6 Variation of oedometer compression parameters with CDG grading, rubber type and 638 
rubber content (open points: single gradings, solid points: gap graded, crosses: well graded). 639 
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 642 
(a) stress-strain curves 10% rubber content 643 
 644 
(b) stress-strain curves 30% rubber content 645 
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 646 
(c) volumetric change 10% rubber content 647 
 648 
(d) volumetric change 30% rubber content 649 
Fig.7 Examples of the stress-strain behavior of sand and rubber-sand mixtures at p'0=200kPa.  650 
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 651 
Fig.8 Typical bender element traces (70% CDG 30% RF at p'=400kPa) 652 
 653 
 654 
Fig.9 Typical stiffness decay curves for 70% CDG 30% RF.  655 
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(a) 100% LBS 658 
 659 
(b) 70% LBS 30% RF 660 
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(c) 100% CDG 662 
 663 
(d) 70% CGD 30% RF 664 
Fig.10 Small strain stiffness of pure sands and rubber-sand mixtures 665 
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 666 
(a) 100% CDG and 90% CDG/10% GR (NCL? tentative location of NCL) 667 
 668 
(b) 90% CDG/10% RF and 70% CDG/30% GR 669 
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(c) 70% CDG/30% RF 671 
Fig.11 Normal compression lines and critical state lines for CDG mixtures.  672 
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(a) 100% LBS and 70% LBS/30% GR 674 
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(b) 90% LBS/10% RF 676 
 677 
(c) 70% LBS/30% RF  678 
Fig.12 Critical state lines for LBS mixtures.  679 
1.0
1.2
1.4
1.6
1.8
2.0
2.2
10 100 1000
v
p' :kPa
CSL 
90% LBS /
10% RF
1.0
1.2
1.4
1.6
1.8
2.0
2.2
10 100 1000
v
p' :kPa
CSL
70% LBS /
30% RF
 680 
Fig.13 Comparison of critical state lines for LBS and CDG in the v:lnp' plane (open symbols 681 
CDG, closed symbols LBS).  682 
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(a) 100% sand and 70% sand / 30% rubber mixtures 684 
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(b) 90% sand / 10% rubber mixtures 686 
Fig.14 Comparison of critical state lines for the various mixtures.  687 
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(a) 100% CDG and 10% mixtures  689 
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(b) 100% CDG and 30% mixtures 691 
 692 
(c) LBS mixtures 693 
Fig.15 Normalized stress paths and state boundary surfaces 694 
 695 
Fig.16 Stress-dilatancy data at p'0=200kPa for pure sands and 30% RF mixtures.  696 
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